In this paper, the notion of generalized umbrella rings is introduced. We show that every generalized umbrella ring is a stably coherent ring. As an application, we show that every finitely generated projective module over R [x] is free if R is a generalized umbrella ring with weak global dimension two.
Introduction
Throughout this paper it is assumed that all rings are commutative and associative with identity and all modules are unitary. The Hilbert Basis Theorem states that a polynomial ring in finitely many variables over a Noetherian ring is Noetherian. It is natural that among the first questions to be asked when studying coherence was whether this result is still valid when the Noetherian hypothesis is replaced by the coherent hypothesis. The answer is negative in general. Recall from [3] that a ring R is called a stably coherent ring if any polynomial ring in finitely many variables over R is a coherent ring. It is known that a coherent ring with global dimension 2 or weak global dimension 1 is stably coherent; however, a coherent ring with weak global dimension 2 is not necessarily stably coherent (see [3, 8] ).
In this paper, we will introduce the notion of generalized umbrella rings and provide examples to illustrate that the global dimension and the weak global dimension of a generalized umbrella ring can be any non-negative integer. One of the aims in this paper is to show that every generalized umbrella ring is stably coherent. As an application, we show that every finitely generated projective module over R [x] is free if R is a generalized umbrella ring with weak global dimension two, which improves the works on Bass-Quillen Conjecture over non-Noetherian rings by Lequain and Simis in [8] and Wang and Tang in [23] .
In [16] , Serre conjectured that every finitely generated projective module over the polynomial ring K[x 1 , . . . , x n ] is free, where K is a field. Quillen in [13] and Suslin in [17] proved independently that this conjecture holds not only for fields but also for principal ideal domains. Let R be a regular Noetherian ring. So a central question concerning projective modules over polynomial R-algebras is the following famous conjecture:
Bass-Quillen Conjecture. (See [1, 13] [9] and [17] we know that Bass-Quillen Conjecture holds for regular Noetherian local rings with Krull dimension 2. Rao in [14] proved that this conjecture holds for regular Noetherian local rings with Krull dimension 3 but characteristic = 2, 3.
On the other hand, many authors have tried to investigate Bass-Quillen Conjecture over non-Noetherian rings [2, 8, 10, 15] . Lequain and Simis in [8] proved that every finitely generated projective module over R[x 1 , . . . , x n ] is extended from R, when R is a Prüfer domain. So, if R is a valuation ring or a Bézout domain, then every finitely generated projective module over R[x 1 , . . . , x n ] is free. Wang and Tang in [23] proved that if R is a local ring with global dimension two then every finitely generated projective module over R [x] is free.
In Section 2, we define the notion of generalized umbrella rings and construct some examples to illustrate that the class of generalized umbrella rings is abundant enough. In Section 3, we show that generalized umbrella rings are stably coherent. As an application of this result, we show in Section 4 that if R is a generalized umbrella ring with weak global dimension two then every finitely generated projective module over the polynomial ring R[x] is free.
Definition of generalized umbrella rings and examples
First, we recall the definition of umbrella rings which was introduced by Vasconcelos in [22] . Definition 2.1. A local ring R is called an umbrella ring if R is a domain and contains a prime ideal P such that (a) P = P A P , that is, P is divisible by any outside element; (b) A/P is a two-dimensional regular Noetherian local ring; (c) A P is a valuation domain with countably generated ideals; (d) A has only countably many principal prime ideals.
In [21] , Vasconcelos proved that if R is a local ring with global dimension two then R is one of the following cases: (1) a two-dimensional regular Noetherian local ring, (2) a valuation ring, (3) an umbrella ring. By Definition 2.1 and the proofs in [22, Corollary 4.6 and Theorem 4.10], it is not difficult to see that an umbrella ring is exactly a non-Noetherian, non-valuation local ring with global dimension two. Cohen's Lemma states that a ring R is Noetherian if and only if every prime ideal of R is finitely generated. So if R is not a Noetherian ring then there exists at least one infinitely generated prime ideal in R.
We now introduce the notion of generalized umbrella rings as follows.
Definition 2.2. Let R be a regular coherent local ring with finitely generated maximal ideal m. R is called a generalized umbrella ring if all non-finitely generated prime ideals of R are contained in every principal prime ideal of R.
In the following, we construct several examples to illustrate that the notion of generalized umbrella rings is a proper generalization of that of umbrella rings and that generalized umbrella rings are abundant enough. If m is finitely generated, then m is a principal ideal. So that m is the unique non-zero finitely generated prime ideal in R. Thus every valuation ring with finitely generated maximal ideal is a generalized umbrella ring, which is exactly a generalized umbrella ring with weak global dimension one. For example:
(1) Clearly any discrete valuation ring is a generalized umbrella ring.
(2) Let Z denote the ring of integral numbers and Q the rational field. Let p be a prime number.
, it is not difficult to verify that R (p) is a non-Noetherian valuation ring with finitely generated maximal ideal (p)R (p) . Thus R is a generalized umbrella ring.
Example 2.5. It is obvious that every umbrella ring is a generalized umbrella ring with global dimension two and of weak global dimension two. So a local ring with finitely generated maximal ideal and global dimension 2 is a generalized umbrella ring.
Recall that the set of all prime ideals of R is called the spectrum of R, and written Spec R, the set of maximal ideals of R is called the maximal spectrum of R, and written Max R; the supremum of the length r, taken over all strictly decreasing chains P 0 ⊃ P 1 ⊃ · · · ⊃ P r of prime ideals of R, is called the Krull dimension of R, and denoted by k.dim R.
The set of all finitely generated prime ideals of R is called the finitely generated prime spectrum of R, and written f.g.Spec R; the supremum of the length r, taken over all strictly decreasing chains P 0 ⊃ P 1 ⊃ · · · ⊃ P r of finitely generated prime ideals of R, is called the weak Krull dimension, and denoted by w.k.dim R [19] . Obviously, w.k.dim R = k.dim R if R is a Noetherian. But the converse is not true in the general (see the following).
The following two results will provide a lot of examples of generalized umbrella rings. (2)], S is coherent and therefore R 1 is a coherent ring. The unique maximal ideal m m of R 1 is generated by the regular R 1 -sequence {α 1 , . . . , α t }. The image of the infinitely generated prime ideal P = {f ∈ K[x] | f (0) = 0} at the natural map S → S m is also an infinitely generated prime ideal of R 1 . By [19, Lemma 2.3] , it is not difficult to see that k.dim R 1 = t + 1 and w.k.dim R 1 = t.
Set D = R 1 . Similar to the above argument, we can get a coherent local ring R 2 with maximal ideal m such that m = (α 1 , . . . , α t )R 2 and k.dim
Continuing the above process, we finally get a coherent local ring R l with maximal ideal m = (α 1 , . . . , α t )R l is also generated by a regular R l -sequence {α 1 , . . . , α t } and k.dim (5) ] that all non-finitely generated prime ideal of R are contained in every principal prime ideal of R. Thus R is a generalized umbrella ring, as required. 2 Theorem 2.7. Let n, t ∈ Z, n 1, t 0. Then there exists a generalized umbrella ring R such that w.gl.dim R = n, Max{n, t + 2} gl.dim R n + t + 1, where gl.dim R is the global dimension of R.
Proof. Let Γ be a linearly ordered additive group with |Γ |= ℵ t , and let (A, m ) be a regular Noetherian local ring with unique maximal ideal m and gl.dim A = n. Let K be the quotient field of A and x an indeterminate over K. Set
That is, Λ is the ring of all power series over K in a symbol "x" with exponents well ordered sequences in Γ and R is the subring of Λ satisfying f (0) ∈ A for any f (x) ∈ Λ. 
It is easy to see that P is an infinitely generated ideal of R. Since R/P ∼ = A and A is a domain by [6, Theorem 185] , P is a prime ideal of R. For any g(x) ∈ R − P , assume that g(
where
P for any g(x) ∈ R − P , which implies that P R P = P and therefore we have the following Cartesian square which conforms the general format.
Since R P ∼ = Λ is a valuation ring, R P is a coherent ring. The fact R/P ∼ = A implies that R/P is a Noetherian ring. Then by [3, Theorem 5.1.3], we have that R is a coherent ring. Since the unique maximal ideal m of R is generated by a regular R-sequence of n elements, by [19, Theorem 3.7 and Corollary 3.8], R is a regular coherent local ring and w.gl.dim R = n.
Since the elements b a x γ (γ = 0, a, b ∈ A − {0}) are reducible in R and every element in P has a divisor x γ (for some γ = 0), there does not exist any irreducible element in P and then there does not exist any principal prime element in P . By the above argument, for any g(x) ∈ R − P , we have P ⊂ (g(x)) and P is contained in every principal prime ideal of R. Now, let I be any ideal in R satisfying I P . Then there exists α ∈ I − P ⊆ R − P , that is, there exists α ∈ I such that P ⊂ (α), which implies that P ⊂ I . Since R/P ∼ = A is a Noetherian ring, I = I/P is a finitely generated ideal of R/P . Assume I = (α 1 , . . . , α s ) , where α 1 , . . . , α s ∈ R − P . From the above argument, P ⊂ (α i ) for any i = 1, . . . , s, so I = (α 1 , . . . , α s , P ) = (α 1 , . . . , α s ) is a finitely generated ideal of R. Thus all infinitely generated ideals of R are contained in P and therefore contained in every principal prime ideal of R. It follows that R is a generalized umbrella ring.
By [12 
Thus Max{n, t + 2} gl.dim R n + t + 1. 
Stable coherence of generalized umbrella rings
Recall from [3] that a ring R is called stably coherent if for every positive integer n the polynomial ring in n variables over R is a coherent ring, and that R is called regular if every finitely generated ideal of R has finite projective dimension.
By using the results in [5] , Glaz proved that every coherent ring with global dimension 2 is stably coherent and provided examples of coherent rings with weak global dimension two where stable coherence does not hold [3] . In this section we will prove that every generalized umbrella ring is stably coherent.
From now on, for a ring R, we use P to denote the union of all non-finitely generated prime ideals of R. Because these prime ideals are linearly ordered, P is also a non-finitely generated prime ideal. (p) are linearly ordered, which implies that all prime ideals of R contained in (p) are linearly ordered. Since R is a generalized umbrella ring, all non-finitely generated prime ideals are contained in (p). So the non-finitely generated prime ideals of R are linearly ordered.
Lemma 3.1. Let R be a generalized umbrella ring with maximal ideal m. (1) If (p) is a principal prime ideal of R then R (p) is a valuation ring. (2) The non-finitely generated prime ideals of R are linearly ordered. (3) R P is a valuation ring. (4) R/P is a regular Noetherian local ring and gl.dim R/P = w.gl.dim R.

Proof. (1) Since R is coherent, R (p) is also coherent. The unique maximal ideal (p)R (p) of R (p) is generated by a regular R (p)
(3) If P = 0, then R P is a field, clearly a valuation ring. Now suppose P = 0. We need to prove R P is a valuation ring. This can be induced by the fact that R P is a localization of a valuation ring R (p) for any p ∈ m − m 2 .
(4) If P = 0, then R is a Noetherian ring and gl.dim R/P = w.gl.dim R. Now suppose P = 0. Because P is the union of all non-finitely generated prime ideals of R, there does not exist any non-finitely generated prime ideal of R/P. Thus, by Cohen's Lemma, R/P is a Noetherian ring. Since R is a regular coherent local ring and the maximal ideal m is finitely generated, m is generated by a regular R-sequence α 1 , . . . , α n and w.gl.dim R = n by [19, Theorem 3.7] . From the proof of [19, Theorem 3.7] we know that (α i ) is a principal prime ideal of R for any 1 i n, which implies that P ⊂ (α i ) (for any 1 i n) since R is a generalized umbrella ring. Set R = R/P, m = (α 1 , . . . , α n ). It is easy to verify that α 1 , . . . , α n is also a regular R-sequence. By [19, Theorem 3.7 ] again, we have that R/P is a regular Noetherian ring and gl.dim R/P = n = w.gl.dim R. 2
In the rest of this section, we always assume that R is a generalized umbrella ring, m is the unique maximal ideal of R.
Lemma 3.2. For any α ∈ R − P, if a is not a unit, then a has a unique factorization.
Proof. If P = 0, then R is a regular Noetherian local ring. By [6, Theorem 185] , R is a unique factorization domain (abbreviated by UFD). Now suppose P = 0. Let a ∈ R − P and a is not a unit. By [6, Theorem 3], we need only to prove that a can be written as a product p 1 p 2 · · · p n of principal prime elements. Set R = R/P. By Lemma 3.1, R is a regular Noetherian local ring, so it is a UFD. Thus a has a unique factorization:
where p 1 , p 2 , . . . , p s are principal prime elements in R. We claim that every p i (1 i s) is also a principal prime element in R. In fact, if p i = ab, then p i = ab, which implies that a or b is a unit in R. So a or b is a unit in R and p i is an irreducible element in R. It follows from [24, Corollary 11] that R is a greatest common divisor domain (abbreviated by GCD domain). Thus p i is a principal prime element of R for any 1 i s.
Lemma 3.3. For any b ∈ m − P, we have bP = P and so P = PR P .
Proof. If P is a principal prime element in R, then P ⊂ (p). So it is trivial that P = pP. Now let b ∈ m − P. By Lemma 3.2, b can be expressed as a product of finite principal prime elements of R: Proof. Let R be a generalized umbrella ring. If P = 0, then R is a Noetherian ring. By Hilbert's Basis Theorem, the assertion holds. Now suppose P = 0. By Lemma 3.3, P = PR P . From the Cartesian square
we get the following Cartesian square: 
Finitely generated projective modules over R[x]
In this section, we will show that if R is a generalized umbrella ring with w.gl.dim R = 2, then every finitely generated projective module over R[x] is free. We first give several notations and lemmas.
Let R be a ring and R[x] the polynomial ring in one variable over R. Set
It is a multiplicative closed subset of R [x] . Set
which is the localization of R[x] at Φ. 
Proof.
(1) Clearly, u is an irreducible element of R. Since R is a GCD domain, u is a principal prime element. We use SL n (R) and E n (R) to denote the special linear group and the elementary linear group of R, respectively. Recall from [7] that a principal ideal domain R is called a special principal ideal domain if SL n (R)=E n (R) for any n 1. [7, p. 119 [7, p. 102, Horrocks Theorem] .) Let R be a local ring and F a finitely generated
Lemma 4.4. (See
We are now in a position to give the main result in this section. Proof. For any m ∈ Max(R), if w.gl.dim R m = 2, then we can get that gl.dim R m = w.gl.dim R m = 2 for gl.dim R = 2. By [3, Theorem 6.2.15], the unique maximal ideal of R m is finitely generated. From Example 2.5, we know that R m is a generalized umbrella ring. Now the assertion follows from Corollary 4.8. 2
